ABSTRACT In this paper, the containment control problem of the second-order multi-agent systems (MASs) with general noise over directed topology is investigated. General noise, which may be the mixture of colored and white noise, is introduced to model the perturbation of MASs. Since constructing an anti-perturbed distributed controller for concerned MASs is difficult, we attend to use the perturbation tolerant character of the convex hull spanned by multiple leaders in the containment control problems of MASs. To this end, the hierarchical topology structure of MASs is used, which can largely reduce the communication loads and computational complexity. It is shown that the MASs are noise-to-state stable and the state of the MASs has an asymptotic gain in the mean square based on random differential equations (RDEs) theorem framework. Moreover, the relative hierarchical topology reconfiguration algorithm is given based on which the system can withstand stronger noise and all followers gradually converge to the convex hull formed by the leaders of the respective level. Finally, the numerical simulation is carried out to substantiate the feasibility of the proposed control theory.
I. INTRODUCTION
In recent years, with the wide application of MASs in the formation of unmanned surface vehicles [1] - [3] , automation of highway systems, attitude control of spacecraft [4] - [6] and flocking of the robots [7] , more and more researchers have paid considerable attention to the distributed coordinated control problem of MASs and have obtained numerous excellent results [8] - [10] . As a fundamental problem of cooperative control of MASs [11] , consensus has been extensively researched in the last decade [12] and can be divided into leaderless consensus [13] and leader-following consensus [14] , [15] . Nowadays, since engineering tasks are becoming more and more complex, there usually exist multiple tracking targets or reference values and the higher The associate editor coordinating the review of this manuscript and approving it for publication was Xiwang Dong. requirements for control efficiency, reliability, energy consumption, etc. Thus it is significant to study the consensus of MASs with multiple leaders, i.e. containment control, which has broad applications in cooperative transport, rescue, search, hazardous material handling, and so on [16] . Briefly speaking, the objective of containment control is to make the spatially distributed agents ultimately coverage into a desired destination through local information exchange. To date, some results related to containment control have been achieved. The continuous-time MASs with limited communication data rate were studied in [17] . The specified-time containment control problem of MASs based on motionplanning approaches was addressed in [18] . These works have focused on single-integrator MASs. For the double-integrator MASs [19] - [21] , conditions on the control gains and the network topology were presented to ensure asymptotic containment control with stationary leaders [19] . In the existing literatures, the containment control of MASs was assumed to operate in an ideal communication channel.
However, in practice, the dynamic performance of system will be interfered by various environmental perturbations inevitably [22] - [24] . As is well known, the perturbations may affect the effectiveness of containment control and even destroy the stability of the MASs. Hence, it is necessary to take the perturbation influence into consideration for the containment control problems of MASs. In [25] , the containment control problem for nonlinear stochastic systems driven by Wiener process was analyzed. In [26] - [30] , containment control of MASs with stochastic communication noises was handled based on distributed stochastic approximation type algorithm. A decreasing gain was used to attenuate the communication perturbation. This approach was developed in [31] , where each agent had its own time-varying gain rather than sharing a common one. The above work reduced the impact of noises on containment control based on perturbations suppression. Some other literatures handled this problem based on perturbations compensation, such as output regulation [32] - [34] , observer [35] - [38] , adaptive control algorithm [39] , [40] and so on. It is worthwhile to note that perturbation in the aforementioned papers on containment control problems of MASs was characterized as white noise, i.e., the derivative of Wiener process or Brown motion. But it should be mentioned that in the dynamic character analysis of MASs in actual engineering tasks, noise interference caused by communication or computing environment in the MASs is often a stationary process rather than white noise. For example, the stochastic perturbations in the circuit systems with power noise filter [41] , the ocean red noise, thermal noise, and so on. Moreover, some perturbations in actual engineering tasks cannot be simply suppressed or compensated when the interference intensity and complexity increase, thus the previous containment control algorithms designed for attenuating the noise have certain limitations.
Based on the above analysis, this paper attempts to provide a solution to the containment control problem of secondorder MASs with general noise via hierarchical topology reconfiguration. General noise is utilized to characterize the perturbations of MASs, which is more accurate than white noise. To analyze this kind of noisy system, random differential equations (RDEs) are more appropriate than stochastic differential equations (SDEs), such as Itô integral equation and Stratonovich integral equation. Unlike the existing analysis method of containment control of MASs with perturbations, firstly we consider the perturbation tolerant character of the convex hull formed by multiple leaders in the containment control problems to handle the perturbations of MASs. Then to make full use of this tolerant character, the hierarchical topology structure of MASs is considered. By adjusting the hierarchical communication topology structure of MASs appropriately, the corresponding followers will converge gradually to the desirable states, which will allow the system to tolerate more intensive noise.
The main contributions of the paper are summarized as follows:
1) In this paper, general noise is used to describe the random perturbations of MASs according to the real engineering environment. Under some sufficient conditions, the noiseto-state stability and asymptotic gain in the mean square of hierarchical MASs with general noise are obtained based on RDEs theorem framework instead of SDEs framework.
2) The perturbation tolerant character of the convex hull formed by multiple leaders in the containment control problems of hierarchical MASs is used to cope with the concerned perturbations. Relative hierarchical topology reconfiguration algorithm is proposed. By reconfiguring the hierarchical topology, the MASs will have a stronger anti-noise capacity, and the communication loads and computational complexity can be largely reduced.
The outline of this paper is as follows: In section II, some concepts of graph theory needed in this technical note are given and the model of the system is described. In section III, containment control problem of MASs with general noise is addressed and the noise-to-state stability and asymptotic gain in the mean square are investigated, besides, the hierarchical topology reconfiguration algorithm is proposed. In section IV, simulations are carried out to substantiate the validity of proposed theorem and algorithm. At last, conclusions are developed in section V.
Notations: For a vector ζ , ζ −1 stands for its inverse, ζ T represents its transpose, |ζ | denotes its usual Euclidean norm. For a matrix , is its 2-norm. diag(α 1 , . . . ,α n ) is the diagonal matrix with the elements α 1 , . . . ,α n on its diagonal line. 1 M denotes 1 M = [1, . . . , 1] T with dimensions M , I 2N represents identity matrix with the dimensions 2N × 2N , R N represents the real N -dimensional space. K stands for the functions: R + → R + , which are continuous, increasing and vanishing at zero, K L represents the set of functions δ(s, t) : R + × R + → R + , which is of class-K for each fixed t, and for each fixed s, decreases to zero when t → ∞. C i denotes the functions with continuous ith partial derivative. Theλ and λ denote maximum eigenvalue and minimum eigenvalue, respectively. ⊗ represents the Kronecker product.
II. PRELIMINARIES AND PROBLEM FORMULATION A. GRAPH THEORY
In this paper, a multi-agent structure composed of a group of M second-order agents is considered. We assume that agents 1, . . . , m (m < M ) are leaders and the agents m + 1, . . . , M are followers. Here we use L = {1, . . . , m} and F = {m + 1, . . . , M } to denote the leaders' set and followers' set, respectively. Consider the hierarchical topology structure, as shown in Fig.1 , where the leaders are denoted as the zeroth level, and the followers are divided into n levels. For the leaders' level, we consider that each leader only sends information to the followers in the first level and there is no communication between leaders. For the followers' level, each node in the ith (i = 1, . . . , n − 1) level only sends information to the agents in the (i + 1)th level. The nodes in the nth level do not send information to other levels. The followers in the respective level can communicate with each other. Each node in the ith (i = 0, . . . , n−1) level sends information at least to one node in the (i + 1)th level. We assume that the ith level has r i nodes and r 0 + r 1 + . . . + r n = M .
The MAS with hierarchical communication topology structure is usually represented by a digraph
e ij ∈ ε G means that there is a directed link from ν j to ν i . It is assumed that the matrix entry a ij = 1 if and only if e ij ∈ ε G , otherwise a ij = 0. Furthermore, self-edges (i, i) are not allowed, for all i ∈ {1, . . . , M }, a ii = 0. N i is the neighbors' set of node i and
is a finite ordered sequence of distinct edges from ν j to ν i . A directed spanning forest of the directed graph G is a directed forest that includes some edges and all the nodes of G [42] .
Before analyzing containment control problem, we first give the definitions of convex set, convex hull and the concepts of leader and follower.
Definition 1 [43] :
The convex hull of a finite set of points x 1 , . . . , x M ∈ R N represented by Co {x 1 , . . . , x M }, is the minimal convex set including all the points [19] : For the MAS, an agent is called a follower if it has at least one neighbor, and a leader if it has no neighbor.
B. SYSTEM DESCRIPTION
The dynamics of the kth agent with general noise are described by the following continuous-time second-order equation.
where x k (t) ∈ R N , v k (t) ∈ R N and u k (t) ∈ R N are the position, velocity, and control input vector of agent k, respectively. The functions g k (x k (t), t) and g k (v k (t), t) are the noise intensities related to position vector x k (t) and velocity vector v k (t). ξ x k (t) and ξ v k (t) are stochastic processes. The quartet ( , F , F t , P) is the underlying complete probability space with a filtration F t satisfying right continuous and increasing while F 0 includes all P-null sets. Since the system consists of m leaders and M − m followers, the Laplacian matrix L related to the communication topology directed graph G has the following structure
where
More specifically, we consider the hierarchical structure of MAS, then the Laplacian matrix L of the communication topology G can also be denoted as
where To deal with containment control problem, Assumption 1 is essential.
Assumption 1 [31] : The communication directed graph G has a directed spanning forest whose roots are the leaders of MASs.
Lemma 1: Assume the communication digraph G has a directed spanning forest. If each follower in the ith level has at least one follower neighbor in the ith level, then the sum
Lemma 1 can be found in [44] . Remark 1: Lemma 1 reveals that if the follower in the ith level does not communicate with its follower neighbor in the ith level, it will converge to the boundary of the leadersformed convex hull. When the perturbation exists, the agents on the boundary will escape from the convex hull. If the communication topology satisfies the conditions of Lemma 1,
. . , n is positive, the followers will not converge to the boundary of the convex hull.
To make sure that the mean square of the perturbation is bounded and the uniqueness and existence of the global solution of the system (5), the following assumption is indispensable.
Assumption 2 [41] : Process ξ (t) is F t -adapted and piecewise continuous, besides there exists a constant K > 0 such that
and for the systeṁ
there exists a constant D R possibly relying on R and a constant f 0 > 0 such that for any
and (7) hold.
Before we prove the stability of the MASs with general noise, we first give the definitions of noise-to-state stability and asymptotic gain in the mean square [41] .
Definition 3: The system (5) is noise-to-state stable and the state of the system has an asymptotic gain in the mean square if there exists a class-K function γ (.) and a class-K L function β(., .), for ∀t ∈ [t 0 , ∞) and ζ 0 ∈ R N , the following inequalities hold.
The following two lemmas are needed in the following proof.
Lemma 2 [41] : Under Assumption 2, for the system (5), if there exist constants a, b, c, d and a function V ∈ C 1 such that
then the system is noise-to-state stable in the mean square and has a unique global solution, and the state of system has an asymptotic gain in the mean square. Lemma 3: [Gronwall inequality] For t ≥ t 0 , the function ζ (t) is absolutely continuous and its derivative satisfies the inequality (11)
for almost all t ≥ t 0 , where κ(t) and χ(t) are almost everywhere continuous and integrable over every finite interval. Then for t ≥ t 0 , we have
κ(s)ds
Remark 2: The proposed general noise ξ (t) can be a stationary process, which describes ergodic property of noise in the engineering field. In this paper, there is no limit that E {ξ (t)} = 0, which means ξ (t) is not necessary Brown motion or Winer process. Hence we utilize RDEs theorem framework to analyze the dynamic characters of MASs with general noise and do not need to use Itô integral equation.
III. CONTAINMENT CONTROL OF MAS WITH GENERAL NOISE BASED ON HIERARCHICAL TOPOLOGY
In practice, the agent exchanges information with its neighbors in the noisy environment, which may largely affect the convergence of the followers, even destroy the stability of the MASs, thus the noise should be taken into consideration in the containment control problem. Furthermore, the final states of the followers in the ith level depend on the states of the respective leaders and the matrix −L ii L (i−1)i , i = 1, . . . , n, which is decided by the topology structure of MASs [45] . Based on hierarchical topology reconfiguration, the followers will approach the center of the convex hull spanned by some of the agents in the upper level. Next we will investigate containment control problems of MASs with general noise based on hierarchical topology.
A. STABILITY ANALYSIS OF THE MAS WITH GENERAL NOISE
In this section, the noise-to-state stability of concerned MASs with general noise is analyzed. Since the leaders are stationary and noise-free, the dynamic of the l 0 th leader in the zeroth level is described as the following equatioṅ
0 are the state vector and velocity vector of the l 0 th stationary leader in the zeroth level. The dynamic of the l i th follower in the ith (i= 1, . . . ,n) level is depicted by the following equatioṅ
where i is the set of neighbors of the l i th follower in the ith (i= 1, . . . ,n) level. j ∈ V i and j ∈ V i+1 denote that the node j is in the ith level and (i + 1)th level, respectively. a i l i j is the related link from the node ν j to the node ν 
. . , n, and ξ
The noise intensity matrix function is
withĝ
The derivative of ζ iṡ
Because
and the leaders are stationary, the term
then (20) can be expressed aṡ
To guarantee that the mean square of the perturbation in each level is bounded, we need Assumption 3.
Assumption 3: Process ξ i (t) is F t -adapted and piecewise continuous, besides there exists a constant K i > 0 such that
To ensure the uniqueness and existence of the global solution of the system (23)
From this assumption, we can easily obtain the Lemma 4.
Lemma 4: There exists a constant Q r relying on r and a constant Q 0 > 0 such that for any r > 0,
The following assumption is given to guarantee the bound of the noise intensity. Before we prove Theorem 1, we need to know that functionsḡ i (z i (t), t) and G(z F (t), t) are bounded. According to the definition of the Matrix norm, we can conclude
Based on Assumption 4, we can obtain
which means functionḡ i (z i (t), t) is bounded. Meanwhile, we can also conclude that
Definition 4 [31] : For the system (23), the mean square containment control of MASs with general noise is achieved if for any initial state (x 1 (0) 
, then containment control of MAS (23) with the hierarchical communication topology structure (3) can be achieved, the MAS has a unique global solution and is noise-to-state stable in the mean square. Moreover, the state of the MAS has an asymptotic gain in the mean square.
More specifically, lim t→∞ x
The proof of Theorem 1 is given in APPENDIX.
Remark 3:
In the process of dealing with the containment control problem of second-order MASs, general noise is utilized to characterize the disturbance, which is more accurate than white noise. Based on RDEs theorem framework, the noise-to-state stability and asymptotic gain in the mean square of the MASs are obtained. Unlike the existing literatures, the perturbation tolerant character of the convex hull is used to cope with the noise. To make the most of this characteristic, the hierarchical topology structure is designed. Compared with a two-level MASs, the multi-level topology structure makes the system have a stronger anti-noise capacity. Under some sufficient conditions, the containment control of MASs is solved.
Remark 4: From the Theorem 1, we can not only achieve the conditions of the mean square noise-to-state stability of MASs under general noise but also obtain the perturbation range of the agents in each level for a given hierarchical topology. As a result, we can reconfigure the hierarchical communication topology of the MASs based on Theorem 1. In this way, the final positions of the followers will be far from the boundaries of the leaders-spanned convex hull of respective level, which makes the system tolerate more powerful noise.
B. HIERARCHICAL TOPOLOGY RECONFIGURATION
Before giving the hierarchical topology reconfiguration algorithm, we first introduce the definition of the communication noise matrix ψ.
Definition 5: ψ i l i j denotes the communication noise intensity when the l i th (l = 1, . . . , r i ) agent in the ith (i = 1, . . . , n) level receives information from the agent j (j = 1, . . . , M ).
To ensure the leaders-formed convex hull has the perturbation tolerant character, Assumption 6 is needed.
Assumption 6 [44] : There are at least m leaders that are not on the same (m − 2)-dimension hyperplane.
It can be concluded that if the topology satisfies the condition of Lemma 1, the agents in the (i + 1)th level will not converge to the boundaries of the convex hull formed by agents in the ith level. Thus we can design the hierarchical topology of concerned MAS as following.
Algorithm 1: Hierarchical communication topology reconfiguration algorithm of MASs.
The inputs of the algorithm are leaders' ordinal set {p 00 }, the number of the elements in set {p 00 }, the communication noise matrix ψ and the dimension of the agents N .
Step 1: Choose the minimum element in the q i(i+1) th column of communication noise matrix ψ and a small threshold K 2i+1 , then obtain the set {p i(i+1) } which satisfies
Step 2: Judge whether num{p i(i+1) } ≥ η i and the corresponding agent in set {p i(i+1) } satisfies Assumption 6. if so, follow Step 3, if not, choose a bigger threshold K 2i+1 and follow Step 1.
Step 3: Choose a small threshold K 2i+2 and obtain the set {p (i+1)(i+1) } which satisfies
Step 4: Judge whether i satisfies conditions of Lemma 1. if so, follow Step 5, if not, choose a bigger threshold K 2i+2 and follow Step 3.
Step 5: Judge whether η 0 + . . .
If not, follow Step 1, if so, jump out of the algorithm and obtain the hierarchical topology.
The algorithm is shown in Fig.2 , where {p i(i+1) } denotes the set of followers in the (i+1)th level receiving information from the followers in the ith level, {p (i+1)(i+1) } represents the set of followers in the (i + 1)th level receiving information from the followers in the (i + 1)th level. num{p i(i+1) } and num{p (i+1)(i+1) } are the number of the elements in sets {p i(i+1) } and {p (i+1)(i+1) }. ψ ( * )q i(i+1) is the q i(i+1) th column elements in communication noise matrix ψ. {p i(i+1) } and {p (i+1)(i+1) } are the communication topologies formed by the elements in sets {p i(i+1) } and {p (i+1)(i+1) }. K 2i+1 and K 2i+2 stand for constants small enough. ϑ 2i+1 and ϑ 2i+2 are the arbitrarily small constants which are less than K 2i+1 and K 2i+2 , respectively.
We can choose the agents in respective level and their communication successively based on Algorithm 1 and obtain hierarchical communication topology of MASs.
Next, we will verify the efficacy of the proposed theorem and algorithm.
IV. SIMULATION
In this section, the numerical simulation is carried out to demonstrate the efficacy of the proposed theoretical results. Consider the containment control problem of the MAS composed of twelve agents, among which there are three leaders. The leaders are noise free and the dynamics of the leaders are shown in (13) , and the initial positions of the leaders are 
The followers are in the noisy environment, the dynamics of which are described in (14) , in which the noise intensity matrices are selected as 
andξ
where ω(t) is the normal white noise. First we achieve the communication noise matrix ψ. We utilize Algorithm 1 with K 2i+1 = K 2i+2 = 0.1, i = 0, 1, 2 and ϑ 2i+1 = ϑ 2i+2 = 0.05, i = 0, 1, 2, the hierarchical communication topology of the twelve agents can be designed. The leaders are denoted as the zeroth level and the leaders' set is L = {1, 2, 3}. The followers are divided into three levels and the followers' set is F = {4, · · ·, 12}, as shown in Fig.3 . The initial states of the followers are denoted by
From the hierarchical communication topology, we can easily obtain that the communication digraph has a directed spanning forest and the follower in each level has at least one follower neighbor in that level.
In the light of the hierarchical communication topology, the corresponding Laplacian matrix iŝ 
The simulation results are shown in Fig.4 and Fig.5 . Fig.4 is the state and velocity trajectories of the leaders and followers, from which we can see that all the followers converge to the leaders-spanned convex hull of respective VOLUME 7, 2019 level and the velocities of the followers converge to zero. Fig.5 is the process curves of the containment control of the given MAS, by Fig.5 , we can see that the agents converge gradually level-by-level.
V. CONCLUSION
In this paper, the containment control problem of secondorder MASs with general noise has been addressed. General noise has been introduced to characterize the perturbation in the MASs rather than white noise. Unlike the existing literatures, the perturbation tolerant character of the convex hull formed by multiple leaders in the containment control problems of MASs is utilized to handle the perturbation instead of constructing an anti-perturbed distributed controller. Based on RDEs theorem framework, the relative proofs show that the system is noise-to-state stable and the state of the system has an asymptotic gain in the mean square. Moreover, the hierarchical topology structure of MASs is designed. Although noise gradually increases level by level, the final positions of the followers are far from the boundaries of the convex hull formed by the leaders of respective level via appropriate hierarchical communication topology reconfiguration of MASs. At last, the simulation has verified the feasibility of the proposed control theorem and algorithm.
APPENDIX A: PROOF OF THEOREM 1
Proof: Because the communication topology has a directed spanning forest, according to Lemma 1, we can see that L ii (i = 1, . . . , n) is positively stable and invertible.
Step 1: We prove that the leaders in the zeroth level can contain the followers in the first level. Let ζ
. . , r 1 , and
We can obtain the derivative of ζ 1 based on (40)
Since
and the leaders are stationary, the term is a constant, thus G(z F 1 (t), t) can be defined as
Then it is easy to obtain thaṫ
We choose the Lyapunov function candidate as
in which
and P satisfies PL 11 + L T 11 P = Q 1 , the matrix Q 1 is positive definite. We can know
We take the derivative of V 1
. (47) According to Young's inequality, we can see that
where d 1 > 0 is the parameter to be designed. We can get the following inequality.
56834 VOLUME 7, 2019 According to the bound of the function F(ζ 1 , t), which is
Because (50) can be expressed aṡ
This inequality is equivalent tȯ
Because of the condition
I r 1 ×2N < 0, there exists a constant
Furthermore, we can conclude thaṫ
We let c 1 =
, sȯ
together with (46), based on Lemma 2, we can conclude the system is noise-to-state stable in the mean square and has a unique global solution, and the state of system has an asymptotic gain in the mean square. By lemma 3, it is easy to obtain that
−c 1 ds
And taking expectations on both sides of (56), we can conclude
then we can get 
and it can be obtained that
.
Then we can conclude that
when t → ∞, we can obtain
and ℵ 1 = (
Step 2: we will prove the agents in the (i − 1)th level can contain the agents in the ith level. Let ζ
The derivative of ζ i iṡ
so we can see that
At this time, the agents in the (i − 1)th level have converged to the stationary convex hull spanned by the virtual leaders in the (i−2)th level and have been stable and stationary, the term
is a constant, hence we can define
Thus (64) can be denoted aṡ
We choose a Lyapunov function candidate as
is the positive definite matrix. We can see
The derivative of V i iṡ
According to Young's inequality, it can be obtained that
According to the bound of the function F(ζ i , t), which is F(ζ i , t) ≤ ρ i and F(ζ i , t) 2 ≤ ρ 2 i , we can obtain thaṫ 
Because of the condition (32), i.e., 
We define c i = −µ ī λ(P⊗D 1 ) , as a result,
together with (70), based on Lemma 2, we can conclude the system is noise-to-state stable in the mean square and has a unique global solution, and the state of system has an asymptotic gain in the mean square. By lemma 3, we have 
Then it can be concluded that 
therefore it can be obtained that It is easy to obtain that when t → ∞, 
